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1 Introduction

In this paper we study broken line convex geometry— a generalization of convex geometry in which the
ambient space is the tropicalization of a cluster variety rather than simply a vector space, and in which
broken line segments play the role ordinarily filled by line segments. We show that many classical convex
geometry results remain true in this setting. For instance, versions of the following classical results remain
true in broken line convex geometry:

1. A set S is convex if and only if ¢S+ (1 —¢)S = S for all ¢ € [0, 1].

2. conv(S + T) = conv(S) + conv(T).

3. If ¢ is a convex function, then the locus where ¢ is at least some constant r is a convex set.
4. A bounded polyhedron is the convex hull of its vertices.

5. The dual of a convex set S is full dimensional if and only if S is strongly convex.

6. If P and P° are dual polytopes, there is a bijective, containment-reversing correspondence between
the faces of P and P°.



Other aspects of the theory need a bit of modification, but remain quite pleasant. In broken line convex
geometry, the faces of a polyhedral set are generally not broken line convex. However, they satisfy a rather
natural weaker convexity notion— which we call weak convezity. They may also fail to form a complex.
Nevertheless, they do have a structure reminiscent of a polyhedral complex, forming what we call a pseudo-
complez.

As is already evident in the brief list above, one operation central to the theory of convex geometry is the
Minkowski sum. As such, a key element of this story is our notion of Minkowski addition in a tropical space.
It is morally the same as usual Minkowski addition, but the lack of linear structure in tropical spaces makes
this addition multi-valued. See Definition [[5] for the precise definition. §3]treats the interplay of this tropical
Minkowski sum and the broken line convex hull of [CMN21]. We find that these concepts relate to each other
in much the same way as the usual Minkowski sum and convex hull do. In particular, Proposition [21]is the
broken line convex geometry version of Item [I] and Theorem [32]is the broken line convex geometry version
of Item 2

Next, we turn our attention to the meaning of convexity of functions in broken line convex geometry.
Here again we adapt the linear definition to the tropical setting by replacing the line segment between a pair
of points with all broken line segments between a pair of points:

Definition 1 (Definition[34). Let S C U'™P(Q) be a broken line convex set. A function ¢ : S — Q is convez
with respect to broken lines if for any broken line segment + : [t1, 2] — S, we have that

e = (250 ) e + (1= wo)

to — 11 to — 11
for all t € [tl,tQ].

We then give an equivalent characterization these functions in terms of structure constants of ¥-function
multiplicationﬂ

Theorem 2 (Proposition Remark [36). Let S C U°P(Q) be broken line convez. Then ¢ : S — Q is
convex with respect to broken lines if and only if for all s1,...,sq,5 €S, a1,...,aq € Q¢ with a1s1,...,0454,

and (a1 + - -+ + aq)s all integral, and aéﬁiftﬁ‘?j =0, we have

o) 2 Y —p(s).

i:1a1+" d

We use these equivalent characterizations to prove the equivalence of Gross-Hacking-Keel-Kontsevich’s
min-convezr and decreasing definitions. See Corollary [39] We then describe other properties of functions
which are convex with respect to broken lines. In particular, Proposition is the broken line convex
geometry version of Item

After this discussion of convexity for functions, we treat polyhedral broken line convex geometry. The
canonical pairing between tropicalizations of mirror cluster varieties affords us a natural notion of a half-space
in this context.

Definition 3 (Definition [46)). For y € (UY)"°P(Q) and r € Q, we call the set
K(y,r) :={z e U™Q): (z,y) > —r}

a tropical half-space.

This in turn provides a natural analogue of a polyhedron— we say a subset S C U"°P(Q) is polyhedral if it
is the intersection of finitely many tropical half-spaces. (See Definition ) Faces of S are defined much like
in usual convex geometry— we take a tropical half-space containing S and intersect its boundary with S. See
Definition [50] As mentioned above, these faces satisfy only a weaker notion of convexity. If we choose a pair
of points 1, 22 in a face F', we cannot say that I’ contains all broken line segments connecting x; and zs.

1We will discuss these ¥-functions and structure constants in greater detail in §2| For now, a non-zero structure constant
agl’m’pd means that ¢ is a value of the multi-valued sum py +y ... +9 Dg-



We can only say that F' contains some broken line segment connecting z; and z3. (See Corollary ) The
failure of these faces to be broken line convex hinders another familiar property from usual convex geometry—
the intersection of two faces need not be a face. As such, faces may not form a complex. They do however
have a structure very reminiscent of a complex, which we refer to as a pseudo-complez. See Definition [56]
and Proposition Moreover, we show in Proposition [8§| that the face pseudo-complexes of polar polytopal
sets are related in precisely the same way as the linear case described in Item [6]

Finally, §6|treats a major motivation we had in writing this paper, and provides in our view particularly
compelling evidence that the theory we develop here is worth studying. We state and prove a broken
line convex geometry version of the duality for nef-partitions due to Borisov. See [Bor93] for the original
version and &®Tim: [Coming soon...] for our new version. In the linear case, Borisov conjectured ([Bor93,
Conjecture 3.6]):

The duality between nef-partitions of reflexive polyhedra A and ¥V gives rise to pairs
of miarror symmetric families of Calabi-Yau complete intersections in Gorenstein toric
Fano varieties Pao and Pgo.

His convex geometry duality and associated mirror symmetry conjecture had a profound impact on the study
of mirror symmetry. Our hope is that, once we have established a

{polyhedral broken line convex geometry} < {algebraic geometry of minimal models for cluster varieties}

dictionary, we will be able to make an analogous statement for Calabi-Yau complete intersections in Goren-
stein Fano minimal models for cluster varieties.

In fact, we view this paper as part of a research program we undertook with our close collaborators
L. Bossinger, M.-W. Cheung, and A. Najera Chédvez, with the goal of generalizing Batyrev and Batyrev-
Borisov mirror symmetry constructions from the setting of Gorenstein Fano toric varieties to the setting of
Gorenstein Fano minimal models for cluster varieties. It is our hope that the broken line convex geometry
results of this paper will be an important step toward that common ultimate goal.

2 Background

The notion of broken line convexity used in this paper comes from [CMN2I], where the main result is the
equivalence of this convexity notion with the algebraic notion of positivity from |[GHKKIS]. That said, we
will employ subtly different conventions and definitions here. First, as we are only ever interested in the
rational points of our tropical spaces, we will always work over Q instead of RE| Next (and relatedly), the
definition of positivity in [GHKKIS], and in turn that of broken line convexity in [CMN21], makes reference
to closed sets. However, these definitions may equally well be made without requiring closure. Moreover,
the proof of the equivalence of broken line convexity and positivity in [CMN21] does not rely on closure —
the result still holds if closure is dropped from both definitions. We do precisely this.

Definition 4 ([CMN21]). A subset S of U"°P(Q) is broken line convez if for every pair of points s1, s2 in
S, every broken line segment with endpoints s; and ss has support entirely contained in S.

This is the natural generalization of usual convexity to U'°P(Q), where broken line segments fill the role
occupied by line segments in usual convex geometry. The aforementioned positivity which it is equivalent to
is defined as follows:

Definition 5 ([GHKKIS]). A subset S of U"°P(Q) is positive if for any non-negative integers a and b, and
any integral tropical points p € a S(Z), ¢ € bS(Z), and r € U"°P(Z) with o, , # 0, we have r € (a+b)S(Z).

In usual convex geometry, there is a canonical way to take a possibly non-convex set and replace it with
a convex set which contains it — namely the convex hull. There is a completely analogous procedure here:

2The prescient reader may raise concern about placement of basepoints for broken lines in regions of dense walls. We will
address this concern in with a discussion of broken lines vs. generic broken lines, as in [CMN21], with one modification.
The sequence of generic broken lines we use to define our broken lines here will live in the finite order scattering diagrams whose
colimit produces the cluster scattering diagram.



Definition 6 ([CMN2I]). Let S C U™P(Q). We define the broken line convezx hull of S, denoted convpy,(S)
to be the intersection of all broken line convex sets containing S.

Notation 7. As we will always work over Q, when we write an interval [¢1, 2] we mean an interval in Q not
R.

2.1 Results from [CMMM]

There are two key results from the forthcoming paper [CMMM] that we will need throughout the course of
this work. We will state them here in simplified form — the setting of [CMMM] is more general than that
the current work. The reader who is — quite reasonably — hesitant to accept results whose proofs are not yet
publicly available may for the time being take these two results to be conjectures upon which many aspects
of the current work rely.

Let U and UV be mirror cluster varieties for which the full Fock-Goncharov conjecture holds. Then:

Theorem 8 ([CMMM], “Theta Recipocity”). Let x € U™P(Z) and y € (UY)"P(Z). Then x(Yy) = y(Vs).

This means we have a truly canonical pairing between U'™°P(Z) and (UY)"°P(Z), rather than two different
evaluation pairings. This pairing ( -, + ) extends uniquely to a pairing between U °P(Q) and (U")"°P(Q).
The other key result of [CMMM] we need is the valuative independence theorem.

Theorem 9 ([CMMM], “Valuative Independence”). Let

f= Z CyUy

yE(UV)tror(Z)
be any regular function on U and x € U™P(Z) any integral tropical point. Then
= mi Iy)}-
z(f) g;é%{w( )}

Recall that integral tropical points are discrete valuations, and as such the inequality
z(f) = min {xz(dy)}
cy#0

holds by definition. The valuative independence theorem replaces the inequality with an equality, essentially
by eliminating the possibility of pole cancellations.

2.2 Scattering diagrams and broken lines

We refer the reader to [GHKKIS] for background on cluster scattering diagrams. We simply recall a few
basic points, in part to fix terminology and notation, and follow up with some simple observations.

1. A scattering diagram ® is a collection of walls (9, f5), where the support ® is a rational polyhedral
cone in the ambient vector space, and f; is the scattering function, which lives in a certain completed

—

monoid ring k[P]. (See [GHKKIS, Definition 1.4].)

—

2. Crossing a wall (9, fp) induces an automorphism p, of k[P], and a generic path v crossing multiple walls

induces an automorphism p, of k[P] by composition. (See [GHKKIS8| Definition 1.2 and discussion of
path ordered product].)

3. For p,, of Item |2 to be defined, v must avoid the singular locus of ®:

Sing(@):= |J 90 U U 91 N0,

(0,f0)€D (01,f01),(02,f0,)ED
codim(01M02)>2

4. Cluster scattering diagrams are constructed order by order as a colimit ® = colimy ®j, and each Dy,
is a finite scattering diagram. (See [GHKKIS, Appendix C].)



5. While the construction mentioned in Item {4] depends upon a choice of initial seed s, if s and s’ are
related by mutation p : Tp«.s ==+ Tp+.s, then p'™P(Dg) is equivalent to Dg. (See [GHKKIS] §1.3].)

Since the support 0 of each wall is a rational polyhedral cone (Item 7 we can describe the scattering
diagram perfectly well over Q rather than R. Next, thanks to mutation invariance of the scattering diagram
(Ttem [5]), we interpret (UV)"°P(Q) as the natural ambient space of the scattering diagram for U. To write
down a scattering diagram explicitly however, we choose a seed of the cluster structure. This selects a cluster
torus 77, in U and Tr- in UV, and piecewise linearly identifies the integral tropical points of U and U with
the integral tropical points of 77, and 17~ respectively, i.e. with the cocharacter lattices L and L* of these
tori. In turn, it identifies U*™°P(Q) and (UY)"°P(Q) with a pair of dual Q-vector spaces V := L ® Q and
V*=L*"®Q.

Notation 10. For each seed s, write ts : U"P(Q) — V and v} : (UY)"°P(Q) — V* for the piecewise linear
identifications described above.

We will also use the piecewise linear identifications ts and t) to define topologies on U™°P(Q) and
(UV)°P(Q). We equip both V' and V* with the Euclidean topology and say a set S in U'°P(Q) (respectively,
in (UY)™°P(Q)) is open if and only if t5(S) (respectively, tY(5)) is open.

We are now prepared to discuss broken lines. Our discussion will have a few minor differences from most
of the literature. First, as in [CMN21], we will need to allow broken lines to have endpoints on walls and
intersect the singular locus. Our treatment will differ only slightly from that in [CMN21I]. We still use a
notion of generic broken lines and define broken lines as a limit of these. However, as we are working over Q,
there may be regions in which all possible endpoints are contained in walls. This prevents the construction
of a sequence of generic broken lines whose limit is a broken line having a prescribed endpoint in this region.
We deal with this issue by instead defining k-genericity with respect to the finite scattering diagram 9y
in Definition and requiring 7y to be a k-generic broken line in Definition [[2} Next, in order to have a
broken line convex geometry version of strongly convez, we will need a notion of a broken line which extends
infinitely in both directions. That is, broken lines are really analogous to rays rather than lines, and we need
an analogue of lines. For this, we introduce doubly infinite broken lines in Definition

Definition 11. Let © = colimy D), be a scattering diagram in V*, let m € L* \ {0}, and let g € V*\
supp(Dg). A k-generic broken line v with nitial exponent m =: I(y) and endpoint x( is a piecewise linear
continuous proper path v : Q<o — V* \ Sing(®D;) bending only at walls of ®j, with a finite number of
domains of linearity ¢ and a monomial ¢,z € Kk[L*] for each of these domains. The path v and the
monomials ¢z are required to satisfy the following conditions:

e 7(0) = xg.
e If / is the unique unbounded domain of linearity of -y, then ¢pz™¢ = z™.
e For t in a domain of linearity £, 4(t) = —my.

e Suppose v bends at a time ¢, passing from the domain of linearity ¢ to £', and set ©; = { (0, f5) € D|y(t) € 0}.
Then ¢y 2™¢ is a term in pwu%t“),@t(czzme)-

Definition 12. Let m € L*\ {0} and zg € V*. A broken line with initial exponent vector m and endpoint
xo is a piecewise linear continuous proper path v : Q<o — V*, together with a sequence (V)rez., satisfying:

® 7 is a k-generic broken line;
e (supp(Vk))pez., converges to Im(y);
o I(yx) =m for all k € Z~; and

o for some sufficiently large K, all v, with £ > K bend at the same collection of walls in the same order
and have the same decorating monomials.

We call Im() the support of the broken line and denote it by supp(7y).
We can modify Definitions [T1] and [I2] slightly to obtain our analogue of lines.



Definition 13. Let © = colimy D be a scattering diagram in V* and let my,ms € L* \ {0}. A k-generic
doubly infinite broken line with initial exponent m; and final exponent ms is a piecewise linear continuous
proper path v : Q — V*\Sing(®Dy) bending only at walls of D, with a finite number of domains of linearity ¢
and a monomial ¢gz™¢ € k[L*] for each of these domains. The path v and the monomials ¢,z are required
to satisfy the following conditions:

. tk{rloo A(t) = —mq and tlgglo A(t) = —ma.

If £ is the unbounded domain of linearity of v associated to times ¢ < 0, then c,2"™¢ = z™1.

For ¢ in a domain of linearity ¢, %(t) = —my.

Suppose 7 bends at a time ¢, passing from the domain of linearity £ to ¢/, and set ©; = { (0, f») € D|v(¢) € 0}.
Then ¢p2™¢ is a term in pﬁ,‘(hewt“),@t(czzme)-

Definition 14. Let © = colim; D), be a scattering diagram in V* and let mq,ma € L* \ {0}. A doubly
infinite broken line with initial exponent my and final exponent msy is a piecewise linear continuous proper
path v : Q — V*, together with a sequence (Vx)kez., satisfying:

® v is a k-generic doubly infinite broken line;

e (supp(Vk))pez., converges to Im(v);
o I(yx) =my for all k € Z~o; and

e for some sufficiently large K, all v, with £ > K bend at the same collection of walls in the same order
and have the same decorating monomials and, in particular, have final exponent ms.

We call Im() the support of the doubly infinite broken line and denote it by supp(y).

3 Tropical Minkowski sum

In order to generalize many convex polyhedral geometry constructions of the toric world to the setting of
cluster varieties, we will need a convex tropical geometry version of the Minkowski sum. In this section we
provide such a notion and illustrate some of its key properties, particularly Theorem [32] which illustrates
the compatibility of this tropical Minkowski sum with the broken line convex hull. In essence, the tropical
Minkowski sum of two subsets S and T of a tropical space U"°P(Q) works the same way as the usual
Minkowski sum of subsets of a Euclidean space— we “add” pairs of elements (s,t) with s € S, ¢t € T.
However, in this setting where we have only a piecewise linear structure, our “addition” is multivalued. The
values that arise correspond to non-zero summands of products of ¥-functions. Namely, if for some a € Z~q,
the function 9, is a non-zero summand of 9, ;¥ , then = is a value of the “sum” of s and ¢.

Definition 15. Let S and T be subsets of U"°P(Q). We define the tropical Minkowski sum of S and T as
follows:

S+y9T:={xcU™(Q):3s €S, teT,ac Ly with as,at,ax € UP(Z) such that al? ,, #0}
={z e U"P(Q):3Is€ S, teT,~v:[0,7] = U™P(Q) with v(0) = s,7(7) =t,7(7/2) = x/2}

where v is a broken line segment.

The equivalence of the two descriptions in Definition |15 follows immediately from the proof of [CMN21]
Theorem 6.1]. See Figure for a simple example of the tropical Minkowski sum, highlighting the multivalued
nature of the sum.
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Figure 1: The tropical Minkowski sum of two points in (AY)"°P(Q) for the A cluster
variety of type As. As is standard, to draw this picture we identify (AY)"°P(Q) with Q? via
a choice of seed. The relevant broken lines appear on the left and the corresponding tropical
Minkowski sum on the right.

Remark 16. Consider a function f € O(UY) given as linear combination of products of theta functions
f= ZS’tGUtmp(Z) cst0s - ¥y, Since f € O(UY), we may also expand it as f = ZIGU“OP(Z) fa¥z. Let Oy
be one such non-zero summand of f. Then, there exist sg,tp € U™P(Z) with ¢y, 4, # 0 such that J,, is a
non-zero summand of Jg, - ¥¢,. To see this, note that we have

f = Z cs,tﬁs . 1915

s,t€UtToP(7)

xT
E g Ce,tas7t'l9m

s,t€UMOP(Z) zEUMOP ()

> ot

zeUtop(7)

By linear independence of theta functions, we must have that f, = " teUmp(Z) cs oy foreach r € U'oP(Z,).
So fz, may only be non-zero if we have some sg, to with cs, ¢, and a0, both non-zero. Note that this
argument also applies if we replace the products of pairs of theta functions with products of arbitrary finite
numbers of theta functions.

Remark 17. The non-negativity of scattering functions for cluster scattering diagrams implies that all struc-
ture constants aj . (or more generally a;, ) are non-negative. This result is sometimes referred to as
strong positivity. Versions of this result are due to [GHKKI18, Theorem 7.5], [Man21l, Proposition 2.15], and
[DM21], Theorem 1.1].

Lemma 18. Let p,q,r € U%°P(Z) be such that ap, # 0, and let a € Zo. Then agy ., # 0.

Proof. If (v1,72) is a pair of broken lines contrlbutlng to aj, ,, we may rescale the exponent vectors of
decoration monomials as well as the supports of y; and 7, by a factor of a to obtain a new pair broken
lines (of higher multiplicity) (71,72) contributing to agj ... Then positivity of scattering functions implies
no cancellations may occur and agy ., # 0. O

Lemma 19. Let x € U™P(Q), and let ay,...,aq be non-negative integers such that each a;x is integral.
Then af;i;fjj;j;‘;)m £ 0.

Proof. Choose a seed s to identify U'™P(Q) with a Q-vector space V by a map ts as in Notation Take

(71, ,74) to be the collection of straight broken lines in V' where the initial decoration monomial of ~; is
2%%(@) and the endpoint of each 7; is (a1 + - - - + aq)ts(z). This contributes 1 to al’%" T4 (It is in fact
the only contribution.) O



Lemma 20. Let S, T and R be subsets of U°P(Q). Then
(S49T)+9 R=S+y (T +9 R).

Proof. Let x € (S +4 T') + R. Then there exists y € S +y T, r € R and a € Z>o with ajj ,. # 0, meaning
Vqz is @ non-zero summand of ¥qy - Vor. Similarly, since y € S +y T we have agg pt 7 0 forsomesec S, teT

and b € Z~¢, meaning vy, is a non-zero summand of ¥y, - ¥p;. Then, since
Yape is @ non-zero summand of Vapy - Japr
and
Jaby is a non-zero summand of Jgps - Vane,
we obtain that
Yabe 18 @ non-zero summand of Vgps - Vvt - Fabr-

Consider the expression Vap; - Dapr = ZabzeUtmp(Z) aglg;awﬂabz. By construction, if aggtz’abr # 0, then
z €T +y R. We have now that

Dabs 1S @ non-zero summand of E aggf,abrﬁabs Dbz -
abzeUtopP(Z)

Then by Remark we find that ¥4, is a non-zero summand of ¥4ps-4p, for some z € T+y R. Consequently,
x €S +y (T+y R). O

Proposition 21. A subset S of U™°P(Q) is broken line convez if and only if for all t € [0,1], we have
tS+y9(1—1)S=S5.

Proof. Let S be broken line convex. Then for all a, b in Z>o, p € aS(Z), q € bS(Z) and r € U™P(Z) with
oy, , 7 0, we have that 7 € (a +0)S. If z € t§ +y (1 — 1)S, then there is some z € 5, y € (1 —¢)S, and
¢ € Z~q such that cz, cy, and ¢z are in U"°P(Z) and aci oy # 0. We can find non-negative integers a and b
such that ¢t = 2% and ¢ = a+b. Then p:=cx € aS(Z), g := cy € bS(Z), and 7 := cz must be in (a +b)S.
It follows that z € S, and ¢S 4y (1 —¢)S C S.

On the other hand for all z € U™P(Q), we can draw a straight line segment from ¢z to (1 —t)z. As such,
zet{z}+9 (1 —1t){z}. Soif z€ S, then z € t{z} +9 (1 —t){z} CtS+y (1 —1t)S, and S C ¢S +y (1 —1)S.

Now suppose tS +y (1 —¢)S = S for all ¢ € [0,1]. We want to show that for all a, b in Z>¢, p € aS(Z),
q € bS(Z) and r € U™°P(Z) with aj, , # 0, we have r € (a 4 b)S. First we address the trivial case: if

a=b=0and aj , # 0, then necessarily p=¢=r =0 € 0-5. Next, assume a > 0 or b > 0, and let ¢t = a%_b.
Write p’ := 27, ¢/ == 45, and v’ == T5, s0p' €15, ¢' € (1 —1)S, and aEZIZ;;: (a+b)q’ = 0. This implies
retS+y(1—1)S=25,s0r € (a+b)S as desired. O

Proposition 22. If the subsets S and T of U™P(Q) are broken line convex, then S 4y T is broken line
CONVEL.

Proof. Let T € [0, 1]. If we prove the equality
TS+ T)+9 (1 —7)(S+sT)=S+s T,

then by Proposition [21] we conclude the result.
Assume that ¢ € 7(S+9T) 49 (1 —7)(S+9T). So, there exist y € 7- (S+9T),z€ (1—7)-(S+9T) and
a € Z>o such that agy . . # 0, meaning ¥, is a non-zero summand of ¥4y - ¥4,. Now, since y € 7- (S +y T),

there exist s; € S, t; € T and b € Z~( such that O‘Zﬁsl prt, 7 0, meaning Jp, is a non-zero summand of



Pprsy - Vorty- Similarly, z € (1 —7) - (S +¢ T) implies the existence of sy € S, to € T and ¢ € Z~( such that
al flfT) sarc(1=7) ts # 0, meaning ¥, is a non-zero summand of U.(1_r)s, * Ve(1—r),- Then, it follows that

Vaber is @ non-zero summand of Fypey - Vapez,
Vabey is a non-zero summand of Vapers, - Vavert,

Vabe is a non-zero summand of Jape(1—7)ss * Vabe(1—r)ts-
Then, we have that
Vabee 18 a non-zero summand of Dapers, - Vape(1—r)ss - Vabert: - Pabe(1—r)ts- (1)

Now, consider the expressions

_ abcs
ﬁabc’rsl : ﬁabc(l—T)sz - E aabc7317abc(1—r)5219abcs, and
abeseUoP (Z)
_ abcs
ﬂabm—tl . ﬂabc(l—r)tz - E aabCTthabc(l_T)t2rL9abct-
abcteUtoP (Z)

By Equation and Remark we have that Ugper is @ non-zero summand of Jgpes - Vgper for some s € S
and t € T. Therefore, we have that € S+y T and we conclude that 7(S+yT)+9 (1 —7)(S+9T) CS+4T.

For the other containment, consider z € S 4y T'. If we consider the line segment 72 + (1 — 7)x, then we
have that « € 7{z} +y (1 —7){x}. So, since 7{z} +y (1 —7){z} C7(S+9T)+y (1 —7)(S+y T) we conclude
that S +9 T CT(S+9T)+9 (1 —7)(S+s T). O

Corollary 23. Let S and T be subsets of U™P(Q). Then
convpr, (S +y T) C convpy,(S) +y9 convpy, (7).
Proof. Since S +y T C convpy,(S) 4+ convpy(T), we have that
convy, (S +y T) C convpr,(convpy,(S) +y convpy,(T)).

Note that convpy,(S) and convgy, (T') are broken line convex sets, then Propositionimplies that convgr, (S)+y
convgy,(T) is a broken line convex set and consequently we obtain that convgy,(convgy, (S) +y convpy, (1)) =
convpr,(S) +y convpr,(T). The claim follows. O

Definition 24. Let o, . denote the coefficient of 9, in the expansion of ¥,, ---9,,. For S C U"P(Q)
define

d
Sy = {u c U™P(Q) : qlorttad)u # 0 for some s1,...,8¢ € S and aq,...,aq € Z>g, with Zai # 0} .

Qi $1,..-,0d Sd
i=1

Lemma 25. We have a filtration S =S7 C Sy C ---.

Proof. The first equality is immediate from the definition of S;. For the remaining containments, set ag11 = 0

to find Sg C Sg11- O]
Lemma 26. Ifz € Sy,, y € Sq,, and a%"fﬁiz # 0, then 2 € Sq,1d,-
Proof. First, since x € Sy,, we have a§ % aa, 54, # 0 for some s1,...,54, € S and ay,...,aq, € Z>o with
a:= ?;1 a; # 0, and

Vaz is a non-zero summand of U4, 5, *++ Jay, 54, - (2)
Similarly, since y € Sg,, we have ozll,)f’rhm’bd2 ray # 0 for some 7q,...,7q, € S and by,...,bg, € Z>o with

b:=3% b #0, and

Uby is a non-zero summand of ¥, 1, -+ by, ry, - (3)



(n+m)z # 0

Next, since o z,my
¥ (n+m)- 15 @ non-zero summand of ¥, 5 - Vpy - (4)
We claim that Yap (n4m)- is a non-zero summand of
ﬁnbal sy " ﬁnbadl Sdy ﬁmabl ry "ttt ﬁmabdz Tdy*
First, using Lemma we can conclude from that
Unabe is a non-zero summand of Uy bay s, - Inbag, sq, - (5)
The same argument applied to shows
Umaby is a non-zero summand of mab, ry = Fmabg, ra, - (6)

Next, since the structure constants are non-negative, by Remark , and @,

non-zero summands of ¥y, aba - Umaby must also be

non-zero summands of ¥ ba, s, * ~19nbad1 say “VUmabyry *° ~19mabd2 Tay-
Finally, we can conclude from Lemma |18 and that
V(n+m)ab > is a non-zero summand of ¥ abz * Imaby- (8)

Combining and finishes the proof. O

Lemma 27. S is positive if and only if for any n > 0, ay,...,an € Z>o, s; € a;S(Z), and r € U™P(Z)
with o, #0, we have r € (a1 + -+ a,)S.

Proof. For n = 2, this is the definition of positivity, so the if part holds. Next, if S is positive, we use
associativity of theta function multiplication to conclude the only if part. O

Lemma 28. For all d € Z~g, we have Sq C convpyr,(9).

Proof. If u € Sy, we have aé‘igf;jj,‘fz)d“sd # 0 for some $1,...,5¢ € S and a1, ...,aq € Z>o with 2?21 a; # 0.
As S C convpr(S), and positivity is equivalent to broken line convexity, (a1 + -+ + aq)u must be in
(a1 + -+ + agq) convpr(S). By Lemma failure of this would contradict positivity of convpr,(S). So
u C convpy,(S), and Sy C convpy,(S). O

Corollary 29. Let S be any subset of U™P(Q). Then

convpy,(S) = U Sq.

d>1

Proof. By Lemma the infinite union (J,~, Sq is positive, and hence broken line convex. As it is broken
line convex and contains S (see Lemma [2F]), we find that

convpy,(S) C U Sq.

d>1

By Lemma 28] we observe the opposite inclusion:

convpr,(S) D U Sy.

d>1

10



Lemma 30. Let S and T be subsets of U™°P(Q). For all d,e € Z,
Sa+9Te C(S+9T)de.

Proof. Let x be in the sum Sy 4y T.. Then there is some s € Sy, t € T,, and a € Z~q such that as, at, and
az are all integral and a%* , # 0. That is,

as,at

U4z 1S a non-zero summand of 945 - Vgt (9)

Now, since s € Sy, there exist s1,...,5¢ € S and by,...,by € Z>o such that ai’l“”slw,bd s, 7 0, where
b:=b; + - -+ bg. That is,

¥p s is a non-zero summand of J 5, -+ Fp s, (10)

If any of these integers b; is 0, we may simply replace d by a smaller d’ using Lemma So, we may assume
b; >0 for all ¢ € {1,...,d}. Similarly, since ¢ € T,, there exist t1,...,t. € T and ¢1,...,¢c € Z>g such that
. 70, where ¢ :=c; + -+ + c.. That is,

ct
acl t1,...,Ce

et is a non-zero summand of 9. ¢, -+ ey, - (11)

As before, we may assume ¢; > 0 for all j € {1,...,e}.
Rescaling coefficients using Lemma the facts @, , and imply

Yabea 18 a non-zero summand of Yy pes - Vabets (12)
Jubes is a non-zero summand of Yo, csq - Vabycsys (13)
and
Pabet is a non-zero summand of Vobe, ¢y -  Fabe, t, (14)
respectively. Moreover, using Lemma [T9] we have that
Pab; cs; is a non-zero summand of Vo p, ¢y s, - Vab, co s; (15)
and
Yabe;t; is a non-zero summand of Vap, ¢, ¢; - Vabye;t,- (16)
Next, using Remarks (16| and the facts , , , 7 and together imply
Yubeg 1S @ non-zero summand of H Vabses; * Vabiejt, -
i€{l,...,d} (17)
JE{l,....e}
Expanding each product ¥ap,c;s; - Vab,c;¢; and using Remark [16| once more, we find that
Yabez 18 a non-zero summand of H ﬁabicmj
ie{]"“"d} (18)
JE{1,....e}
for some collections of elements {r;; € S+yT :i € {1,...,d},j € {1,...,e}}. Finally, observe that
Z ab;c; =abec.
i€{l,...,d} (19)
JE{L,...e}
Thus, and imply € (S 49 T),,, as claimed. O

11



Corollary 31. Let S and T be subsets of U™P(Q). Then
convpy,(S) +y convpr, (T') C convpr, (S +y T).

Proof. This is an immediate consequence of Corollary 29 and Lemma [30] O

Combining Corollary and Corollary we obtain that the tropical Minkowski sum and broken line
convex hull are compatible in the following sense:

Theorem 32. Let S and T be subsets of U™°P(Q). Then
convpr, (S +y T) = convpy,(S) +y convpy,(T).

To conclude this section, we provide another result relating the tropical Minkowski sum and broken line
convex hull. It will come in handy in later sections.

Proposition 33. Let S =J,.; S, where each S* C U™P(Q) is broken line convezx. Then

convpy,(S) = U (Zﬁ aiSi> ) (20)

(ai:iEI)E(on)I
ZiEI a;=1

icl

Proof. First, let (a; : i € I) € (Qx0)" with > ,;.;a; = 1, and let s € ZﬂaiSi. Each a;S® is broken line
i€l

convex since each S? is. If |I| = 1, there is nothing to show. Next let I = {1,2}. Then there is some

x1 € a1S', 2y € 5%, and ¢ € Zsg such that cxy, cxa, and cs are all integral and off .., # 0. The

case in which either a; is zero reduces to the |I| = 1 case, so we may assume each a; is non-zero. Write

a; = Z—:, with n;,d; € Z~g. Then azgiggihcdldﬁz # 0 as well by Lemma But cdidsx; € edang St and

cdydazs € edinaS?. So [CMN21], Proposition 4.10, Theorem 6.1] implies there is a broken line segment from

di _ -1 da _ -1 : dida _ B : —1,.. i
wir1 = a1" w1 to (2o = ax” w2 passing through TS = (a1 + a2)~ts = s. Since a; tx; € S* C S,

n

this implies s € convpy,(S). Now suppose the right side of is contained in the left whenever |I| < r, and
consider the case I = {1,...,r}. If any a; = 0, we return to the |I| < r case. So assume each a; is non-zero.
Let a=ay +---+a,_1, and let aj = & for i € I'\ {r} =: I'. By the induction hypothesis, we know that

Zﬁ a},S" C convpy, (U Si) =9

iel’ iel’

So, s € ZﬁaiSi C aS’ +ya,S". But by the induction hypothesis, aS’ +ya,.S" C convpy(S’ U S™) =
iel
convgr,(S). So

U <Zﬁ aiSi> C convpr(9).

(aii€l)€(@Qzo)" \ i€l
e ai=1

Now suppose s € convgr,(S). By Corollary s € Sy (from Deﬁnition for some d € Z~q. So, we can
find some s1,...,54 € S and ay,...,aq € Z>o with a; +- -+ aq # 0, the tropical points a; s1,...,aq 54, and

a1 +---+aq)s all integral, an e structure constant ay. s .. o e . Each s, is in some S%. Let | J, f
1l integral, and the struct tant ol T89S £ 0. Each s; S'. Let U;e, J.
be a decomposition of {1,...,d} as a disjoint union such that j € J; only if s; € Slﬂ Now we have that

. _ x
V(a1 +-+aq)s 1S @ non-zero summand of H H Yays; | = H E Xa;s;:jer Ve
i€l \jeJ; i€l \zeUtor(Z)

3The point here is that s; may be contained in multiple S%’s. We simply choose one such 3.
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By Remark , we can find a collection {xl eU™P(Z):i€el, af{”;jsj ey 7 O} such that
(ay+4-4aq)s 18 @ non-zero summand of Hﬂwi.
iel

Since S* is broken line convex, x; € (32, ; a;)S*. Then

(a1 +---+aq)s € ZﬁaJiSi,

i€l
where a, := >, ; a;, and
aj. .
S —_— 5
S Zﬂ(al+...+ad)
el
We conclude that
convp,(S) C U <Zﬂ a;S )
(a;:€NE(Qx0)" \ i€l
Yierai=l
as well. O

4 Convexity for functions on U"P(Q)

4.1 Definition and characterization

In this section we describe what it means for a function on U™°P(Q) to be convex, and we prove some key
results about these convex functions.

Definition 34. Let S C U"°P(Q) be a broken line convex set. A function ¢ : S — Q is convezr with respect
to broken lines if for any broken line segment ~ : [t1,t2] — S, we have that

to —t
ty — t1

e00) = (255 ) et + (1= ) wlata) (21)

lg —11
for all t € [tq,ta].

Proposition 35. Let S C U™P(Q) be broken line convex, and let ¢ : S — Q be convex with respect to
broken lines. If s1,...,84,8 € S, a1,...,aq € Qxowith a181,...,0484, and (a1 + -+ - + aq)s all integral, and
QAT A0, then

d o
s) > —(s). 22
w()_;aﬁ_”j%dw( ) (22)

K2

Proof. Note first that if d = 1, the inequality trivially becomes an equality. For d = 2, suppose we have s1,
82, 8, a1, and ag as in the proposition statement. Assume for now that a; and as are integral. Then by
[CMN21, Proposition 4.10, Theorem 6.1] there exists some broken line segment v : [0, 7] — U"°P(Q) with

~v(0) = s1, ¥(7) = s2, and 7 (al‘ﬂf@ T) = s. Next, if a; and ag are only rational, we can clear denominators,

writing a} = Aa; and a), = Aay. By Lemma aflzllsirié); # 0 as well. Thus we obtain a broken line segment
v : [0,7] = U%°P(Q) with «(0) = s1, ¥(7) = s2, and v (%T) = s. Note however that

af +al
we have precisely the same outcome as the case of integral coefficients.

af +al, a1+az’

SO
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Since ¢ is convex with respect to broken lines, we have
as as a2
T >(1- 0)) + 7)),
so<v (a1+a2 >) > < a1+a2> P(V0) + =)

¢ (s) >

SO

ay

(s1) +

a1—|—a2(p a + as

o(s2).

This establishes the claim for d = 2. Next, suppose the claim holds for d = k. If s1,...,s5541,$, a1,..., QK41

are as in the proposition statement, then oz((;il;lr’ +;::118k 1 # 0. That is,

k41
V(ay+-+ans1)s 18 @ non-zero summand of and H Day s, -
i=1

Expanding the first k& terms of the product and using linear independence of theta functions, we see that

V(ay+-+any1)s Must be a non-zero summand of J(q, ... 1a;)s' Varyy siss

for some (ay + - - + ax) s’ with a((fil:;, tfkksk # 0. So, by the induction hypothesis we have
a1+ -+ ag p Gl+1
§) > ———— () (s
so()fahL,,.jLak,Jrl a1+,.,+ak+1so( k1)
k
a1+-..+ak a; ak+1
> — T p(s) | (s
Tar+ -+ apg <; a1+_..+ak§0( z)> a1+..'+ak+1§0( k+1)
k+1 @
(3
= —_—mm SA
3 o
i=1
proving the claim. O

Remark 36. In fact, Proposition provides an equivalent characterization of functions ¢ : S — Q which
are convex with respect to broken lines. That is, we also have the opposite implication. Suppose for any
$1,---,84,S €8, a1,...,aq € Qx¢ with a181,...,a484, and (a7 +- - - +agq)s all integral, and aa‘iii ZZ‘éd #0,
we have

d
a;
> —(S;).
—Za1+...+ad<‘0( i)

i=1

Then we claim ¢ is convex with respect to broken lines. To see this, consider a broken line segment
v : [t1,t2] — S, and let 7 be the reparametrized broken line segment % : [0,7 = t2 — ;] — S defined by
F(t) = v(t — t1). Clearly,

e (255 ) et + (=) wh)

to — 11
for all ¢ € [t1,to] if and only if
T—1 t

p(Y(t) =

for all t € [0, 7]. We may always write t = GLH)T. By [CMN21], Proposition 5.4, Theorem 6.1], we may choose

a and b such that a¥5(0), b5(7), and (a + b)5(7) are all integral and a(atb) Z(WT()T # 0. Then

(7 (-2r)) = o7 O) + ()
( <a+b )) a+b a+b
T—1

=Tl O) + 2o (7 (7).

T
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4.2 Equivalence of [GHKK18|’s “min-convex” and “decreasing”

Proposition and Remark [36] allow us to resolve a question posed by Gross-Hacking-Keel-Kontsevich in
[GHKK18, Remark 8.5], and we take a slight detour to do so here.

Proposition 37. A piecewise linear function ¢ : U™P(Q) — Q is convex with respect to broken lines if and
only if it is decreasing in the sense of [GHKKIS, Definition 8.5].

Proof. First, suppose ¢ is convex with respect to broken lines. Let s1, s2, and r be in U%°P(Z) and satisfy
oy, 5, 7 0. We need to show that ¢(r) > ¢(s1) +¢(s2). Comparing to Proposition we have a; = as = 1,

and r = 2s. Then

pls) > o) + 3(52)

1
2
and

o(r) = ¢(2s) = 2p(s) > p(s1) + ¢(s2).

That is, ¢ is decreasing.

For the other direction, we use an induction argument very similar to the one used in Proposition
Suppose ¢ is decreasing. Let si,...,584,5 € U"P(Q) and ay,...,aq € Q>o, with a; s1,...,aq54, and
(a1+- - +aq)s all integral and a[(ﬁlsfffii)f # 0. We need to show that holds for ¢. For the d =1 case,
trivially reduces to an equality. For d = 2, since ¢ is decreasing we have

¢((a1 + az)s) > p(ais1) + p(azs2),

which implies
ai

p(s1) +

s) >
<)O()_Cll-i-ag a1 + as

by piecewise linearity of ¢. So holds for d = 2. Now assume it holds for d = k, and consider the case
d=k+1. As we argued in Proposition

o(s2)

V(ayr+-+ans1)s Must be a non-zero summand of J(q, 4.1 q;)s 0

Ak41 Sk41
for some (ay + - - + ax) s’ with agﬁlst::fﬁk’“gi/ # 0. So, by the induction hypothesis we have
ap+---+ag , Ak+1
wls) 2 +"‘+ak+1¢( ) a1+~-+ak+1@( k+1)
k
a;+---+ag Qi Ok+1
> — —_— () | + —————————(s
a1+...+ak+1 <i_21a1+..,+ak80( Z)) a1+...+ak+1¢( k+1)
k1 o
T
= B ———— S s
;a1+~o~+ak+1@( i)
which proves the claim. O

Proposition 38. A piecewise linear function ¢ : U™P(Q) — Q is convex with respect to broken lines if and
only if it is min-convez in the sense of [GHKKI18, Definition 8.2].

Proof. First, suppose ¢ is convex with respect to broken lines. We need to verify that dy is decreasing on
4 for all broken lines v. Suppose v crosses a wall at time 7. Then for sufficiently small ¢ > 0, we have

o(y(T £ €) = o(v(7)) £ edpy(rre)(F(T L €)) and

P(7) 2 3 (o(7) — ediy(r—i(3)) + 5 (9(7) + edprran(3)) -

Simplifying, we find do(r—e) () = doy(r4e)(F) as desired.
The other direction follows from |[GHKKIS, Lemma 8.4] and Proposition O
Taken together, Propositions |37| and 38| resolve a question posed in [GHKKIS8, Remark 8.5]:

Corollary 39. The notions “min-convex” and “decreasing” of [GHKKI18, Definitions 8.2 & 8.3] are equiv-
alent.
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4.3 Basic results
We now state and prove some basic results about functions which are convex with respect to broken lines.

Lemma 40. Let o1, ps : S — Q be convex with respect to broken lines. Then p1 + s is convex with respect
to broken lines.

Proof. This follows immediately from Definition O
Proposition 41. Let ¢ : U™P(Q) — Q be convex with respect to broken lines. Then

Epr i ={z € U™P(Q) : p(z) > -1}
is broken line convex.

Proof. By Proposition 21} this holds if and only if E, . = t Z, , +9(1 — )2, . We always have the inclusion
Epr CtEgr +9(1—1)Z,,r, so we just need to show the opposite inclusion. Let z € t =, +9(1—t)=, . Then

there exists x € t =, ,, y € (1 — )=, and a € Zs such that az, ay, and az are all integral and Qg ay 7 0.

Define 2/, y' € E,, by @ = ta’, y = (1 = t)y’. Now, a =ta+ (1 —t)a, so 0 # agf ., = @i (1 _4), - Then
by Proposition
p(2) = to(a') + (1 = t)p(y)
>t(—r)+ (1 —t)(—r)
=—r
That is, z € S, 1. O

Lemma 42. Let ¢ : U™P(Q) — Q be convex with respect to broken lines, and let v : [t1,t2] — U™P(Q) be
a broken line segment satisfying

e00) =

for some t € (t1,t2). Then

e00) = (221 ) etote) + (=1 ) wtrtan)

o —1
to — 11

t—1t
to — 11

) ot + (£=5) wht)

to—t lo —t
for all t € [t1,12].
Proof. Suppose not. Then there is some t' € (tl,tg)EI, t' # t, with

el > (=) ettt + (£ ) elata) (23)

to — 1t to —t

The argument is identical for ¢’ < ¢ and ¢’ > ¢, so without loss of generality, take ¢ < t. Since ¢ is convex
with respect to broken lines, by restricting v to [¢/, t2] we find

o002 (220 ) ot + (225 ) wtrte)

to — t/
That is,

to — 11

(ht)wwh»+(th>whﬁﬂﬁz<ft)wWWD+<tﬂ)ﬂ%b»

which upon simplifying yields

(h_ﬂ>¢Wm»+(ﬂ_h>¢W%D2@WW”

to — 11 to — 11

This contradicts the strict inequality . O

4We take the open interval here since equality is clear for the endpoints ¢; and to.
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One type of function that will come up frequently in the remainder of the paper is simply given by
evaluation: ( - ,y) : U™°P(Q) — Q. For this reason, we introduce the following terminology.

Definition 43. We say a function ¢ : U"P(Q) — Q is tropically linear if ¢ = (- ,y) for some y €
(UY)t°P(Q). We also use the terminology for a function ¢ on a Qxo-invariant subset o in U™°P(Q) if there
exists an extension of ¢ from o to U*™°P(Q) which is tropically linear.

The following results are a corollaries of Theorem [0

Corollary 44. Let ¢ : U™°P(Q) — Q be tropically linear, and consider a collection of integral tropical points
T1,...,xq € UMP(Z). Then

d

> (@) = min{p(x) : @ € UP(Z),03, ., #0}.
i=1

Proof. Let ¢ = (- ,y,), and let ay,, be integral for some a > 0. Then
ayy (Vay) + -+ ayy (V) = ayy (Vg, -+ 95,) = min {ay, (9,) : © € UTP(Z), Ay e F 0}.

But then

d
> ) = min {p(x) : w € U (Z), 02, ,, # 0}

i=1
as claimed. O
Corollary 45. A tropically linear function is convex with respect to broken lines.

Proof. Let ¢ : U™P(Q) — Q be tropically linear, and consider any x1, ..., zq, 2 € U™P(Q), ay,...,aq € Q>0
with aix1,...,aq24, and (a1 + - -+ + aq)z all integral, and a&?é‘f‘%@f # 0. By Corollary

d
Z (a;r;) = min {(p(S) = Utmp(Z),alehwadmd + 0} .
i=1
So, we have that
d
o (a1 4 +agr) > > plami),
i=1
and
d o
x) > ‘ €Z;).
P)2 3 e ela)
By Remark o is convex with respect to broken lines. O

5 Broken line convex polyhedral geometry

Let U be a cluster variety for which the full Fock-Goncharov conjecture holds and let UV be its Fock-
Goncharov dual.
We borrow some notation from [Brg83].

Definition 46. For y € (UY)"°P(Q) and r € Q denote by K (y,r) the set {z € U"P(Q) : (z,y) > —r}. We
call K(y,r) a tropical half-space, and we call its boundary H(y,r) := {z € U"P(Q) : (z,y) = —r} a tropical
hyperplane. For S C U™P(Q), we say K(y,r) is a supporting tropical half-space for S and H(y,r) is a
supporting tropical hyperplane for S if S C K(y,r) and SN H(y,r) # &. We define tropical half-spaces and
hyperplanes in (UY)"°P(Q) analogously.
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Remark 47. As (- ,ay) =a (- ,y) for all a > 0, we have that K(y,r) = K(ay, ar) for all a > 0.
Lemma 48. A tropical half-space is broken line conver.

Proof. By Corollary a tropically linear function is convex with respect to broken lines. Then the claim
follows from Proposition O

Definition 49. A subset S C U™°P(Q) is polyhedral if
S = K(y,r)
iel

for some finite indexing set I. We will always take y; € (UY)"P(Q) and r; € QE| If additionally S is
bounded, we say it is polytopal.

5.1 Faces

Definition 50. Let S C U'P(Q) be broken line convex. We say that a subset F' of S is a face of S if
there is a tropical half-space K(y,r) D S with F = SN H(y,r). We say this face F' is a proper face if
F ¢ {@,S5}. We call 0-dimensional faces vertices, 1-dimensional faces edges, and codimension 1 faces facets.
By convention, we view & as a —1-dimensional face. We denote the set of faces of S by Fg.

Remark 51. We will typically discuss faces of polyhedral sets rather than arbitrary broken line convex sets.
However, the definition makes sense for arbitrary broken line convex sets, and we will want to use the face
terminology for certain sets prior to proving that they are in fact polyhedral.

Warning: Unlike in usual conver geometry, faces in broken line convex geometry need not
be broken line convex.

For an example of this phenomenon, see Figure [2}

1+ 20D

~

1 + Z(_LO)

142041

g

Figure 2: A polytopal set S C (AY)"°P(Q) for the A cluster variety of type As. The
indicated face /' is not broken line convex. As is standard, to draw this picture we identify
(AV)'oP(Q) with Q? via a choice of seed.

However, faces do satisfy some weaker notion of convexity. To motivate this weaker convexity notion, we
make an observation about tropical hyperplanes.

Proposition 52. Every pair of points x1, xo in a tropical hyperplane H(y,r) is connected by a broken line
segment v whose support is contained in H(y,r).

5In usual convex geometry, this reduces to the notion of “rational polyhedral”. As we only work in the rational setting in
this paper, we drop the “rational” descriptor from our terminology here.
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Proof. This is a simple corollary of Theorem [J]and Lemma[42} By the Theorem [0} there exists a broken line
segment v : [t1,t2] — U'™P(Q) with endpoints z; and x5 such that

((52) ) = 5+ 3 0w
1
2

1

=35 <.’1717y> + 5 <$U2,y>

= -
Then by Lemma

to — 1 t—1

) =— -
eo) = (2= )r- (5= )
= —r

for all ¢t € [t1,t2]. That is, the support of v is contained in H(y, ). O

In light of Proposition we make the following definition.

Definition 53. We say a subset S C U"°P(Q) is weakly conver if for every pair of points s1, sa € S, there
exists a broken line segment with endpoints s; and ss whose support is contained in S.

Clearly, the notions broken line convexity and weak convezity coincide in usual convex geometry. They
are very different notions in U'°P(Q), but both play important roles in in the theory of broken line convex
geometry. In fact, the two convexity notions interact with each other:

Proposition 54. Let S and S’ be subsets of U%°P(Q) with S broken line convex and S’ weakly convex. Then
SN S is weakly conver.

Proof. Let s1, s € SNS’. Since S’ is weakly convex, there exists a broken line segment v with endpoints s;
and s, whose support is contained in S’. Since S is broken line convex, the support of v must be contained
in S as well. Hence the support of 7 is contained in S N S’, proving the claim. O

Corollary 55. Every face of a polyhedral set is weakly convexz.

Proof. By definition, a face F' of a polyhedral set S C U*°P(Q) is of the form
F=SnH(y,r)

for H(y,r) a tropical hyperplane at the boundary of a tropical half-space K (y,r) which contains S. The
polyhedral set .S is broken line convex, and by Proposition H(y,r) is weakly convex. O

In usual convex geometry, the set of faces of a polyhedron forms a polyhedral complex. Unfortunately, in
general the faces of a polyhedral set in U"°P(Q) will not form such a complex. For instance, if we consider
the bigon of Figure [3] the intersection of the pair of facets is a pair of vertices— so in this instance the
intersection of two faces is not a face, but rather a union of faces.
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Figure 3: A bigon S in (AY)"°P(Q) together with its faces Fs for the A cluster variety of
type As. Note that the intersection of the facets is a pair of vertices rather than a single
face.

Nevertheless, the set of faces of a polyhedral set has a structure very reminiscent of a polyhedral complex.
To make this precise, we introduce the following definition:

Definition 56. Let P be a set of subsets of U™°P(Q). We say that P is a pseudo-complex if it has the
following properties:

1. If P € P, then there is a subset A of P with
op=J P.
PeA
2. If Py, P, € P, then there is a subset B of P with

PNP,= U P.
preB

3. IfPl,Pgepandplﬂngpl,then

P NP, COP;.

Proposition 57. The set of faces Fs of a polyhedral set S C U%°P(Q) forms a pseudo-complex.
To establish Proposition 57} we will need a pair of lemmas:

Lemma 58. Let S = (,c; K(yi,7:), and let y € Zﬂ y; and r = Z”‘ Then S C K(y,r) and
icl iel

SﬂH(yﬂ") C (Sﬂ ﬂH(yl,’m)> .
iel
Proof. Let x € S, then we have that (x,y;) > —r;. By Proposition
(x,y) > Z<x7yz> > _Zri =T
iel i€l

Sox € K(y,r).
Now let x € SN H(y,r). Then

—r=(ry) =) (ey) =) ri=-r

el i€l

and we must have equality throughout. That is, (x,y;) = —r; and = € H(y;,r;) for all ¢ € I. O
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Lemma 59. Let vy : [t1,t2] — U™P(Q) be a broken line segment whose support is contained in H(y1,7r1) N
K(y2,72). If supp(y) N H(ya,r2) is one dimensional, then supp(y) C H(ya,72).

Proof. By restricting the domain of v and reversing the direction of v as needed, we may reduce to the case
in which y([t1,7]) C H(y1,7m1) N H(y2,72) for some 7 € (t1,t2). Without hitting a wall, there is no way for
7 to leave the intersection H(y1,71) N H(y2,72), S0 suppose v crosses the wall (9, f5(2™)), with 0 C ng, at
time 7. There are three possibilities for (7 + €) for small € > 0.

1. v(t+¢€) € H(yr,r1) N H(y2,72)
2. (V7 +€),y2) < —12

3. (VT +€)y2) > =12

We want eliminate Items [2[ and We immediately note that if (y(7 +€),y2) < —rq, then supp(y) ¢
K (y2,72), eliminating Ttem

Next, suppose (y(7 + €),y2) > —ra. Denote the velocity of v immediately prior to crossing (9, fo(2™?))
by 94— and the velocity immediately after crossing by 4. For some k > 0, we have ¥4 = y_ — kmy. We can
give a new broken line segment +/ : [¢],t,] — U™°P(Q) crossing (9, f5(2™?)) such that for some A > 0 and
some small § > 0

o (t1) =~(t1),

o L =A(Y- —0my),

® §+ = A(y4 — 0my), and
o (V(t5),y2) > —ra.

The factor of A above is simply to ensure we can make exponent vectors integral. With this in mind, since
44+ = 4— — kmy pertains to an allowed bend and (ny,mp) = 0, for some A > 0 we have that

"st- =A(J4 — 0ma) = A (Y= — kmo) — dma) = A (Y- — 0mo) — kma) = "Y/— — Akmy

is also an allowed bend. See Figure [4] for an illustration of this scenario.

1

L, fa(em)

Figure 4: Schematic of and v as detailed above.

However, this broken line segment 4" has endpoints in K(ya,72), while having support not contained in
K (y2,72). In particular, the point at which +' crosses (9, f5(2"?)) does not lie in K (y2,72). This contradicts
broken line convexity of K (yz,72). O

Proof of Proposition[57. We begin with Item [I] of Definition For the face F = @, the statement is
vacuous. So consider a face F # &. Then F is of the form F = H(y,r) NS for some supporting tropical
hyperplane H(y, ). Let

S = nK(yi,n‘)

el
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be a presentation of S. Necessarily, the boundary of F' is obtained by intersection with some of the tropical
hyperplanes H (y;, ;). Precisely, define

Ip:=SJCI: |Fn()H(y,r) | cF
jeJ

Then
oF =Fn | () H(yry).

JeTp jed

For shorthand, write

Fj .= FﬂﬂH(yj,Tj) ,
JjeJ

so OF = ¢z, Fy. Observe that

Fy=|H(y,r)n () H(yr) | NS
jeJ

Now set " =7+ 3 . ;r; and let y' € y+y Zﬂ y;. Then by Lemma

K(y,r)n () K(y;.rs) | € K(@y',r')
JjeJ

and
SﬂH(yl,T/) C Fj.

Moreover, by Corollary for each x € Fj, there exists some such y, € y+y qu y; with H(y,,r') a

supporting tropical hyperplane containing . That is, Fy, := H(y,,r') N S is a face of S containing . This
establishes Item [Il

Now we turn our attention to Item [2] of Definition whose proof is very similar to the one above.
As before, if F; N Fy = &, the claim trivially holds. Suppose Fy N Fy # &, and let F; = H(y;,r;) NS,
where H(y;,r;) is a supporting tropical hyperplane. Now Lemma |58 and Corollary imply that for each
x € F1 N Fy, there is a supporting tropical hyperplane H(y,,r1 + 72) containing z such that K(y1,7r1) N
K(y2,72) C K(ys,r1+72) and F, := SN H(y,, 1 +72) C (SN H(y1,71) N H(ya,r2)) = F1 N Fy, establishing
Item 2L

Finally, for Item [3| of Definition let F; = H(y;,r;) NS. Since F} N Fy is properly contained in FY,
for some x € F; we have (x,ys) > —ro. However, tropically linear functions are continuous so this implies
(- ,y2) > —r9 on an open neighborhood of . Now consider a broken line segment contained in F; which
begins at 2 and proceeds to some z’ with (z/,y2) = —ry. (If no such broken line segment exists, then
Fi N Fy = @, and we are done.) By Lemma this broken line segment cannot be extended in such a way
that a positive length subsegment lies in H(y1,7) N H(y2,7). Then 2’ must in fact lie at the boundary of
Fy. O

Proposition 60. Let ' be a proper face of a polyhedral subset S C U™P(Q). Then F is not contained in
CONVRI, (S \ F)

Proof. F is of the form F = H(y,r) NS for some supporting tropical hyperplane H(y,r) for S. The open
tropical half-space K (y,r) \ H(y,r) is broken line convex, so its intersection with S is as well. But F' is not
contained in this intersection. O
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5.2 The weak face fan

The other vitally important polyhedral complex in the theory of toric varieties is the fan. To pursue our
goal of a cluster version of Batyrev-Borisov duality, we will primarily be interested in a particular sort of
fan, namely a face fan. So, we now turn our attention to defining the broken line convex geometry analogue
of a face fan, and showing that it also forms a pseudo-complex.

Proposition 61. If S C U™°P(Q) is weakly convez, then so is Qs - S.

Proof. Consider an arbitrary pair of points A;s1, A2se € Qs¢ - S. Let v : [0,7] — U™°P(Q) be a broken
line segment with endpoints s; and s whose support is contained in .S. We will show that there is a broken
line segment 7 : [0, 7] — U'°P(Q) with endpoints A1s; and A2sy whose support is contained in Q> - S. Let
us address a few trivial cases before turning our attention to the generic setting. If A\ = Ay =: A, then we
can simply rescale the support of v by A while leaving the decoration monomials unchanged. The particular
cases of A =0 and A = 1 are the constant broken line segment with image the origin and the original broken
line segment «y respectively. Next, if A\; # A\; = 0, we may take a straight segment between the origin and

The remaining cases are less obvious, but follow from results of [CMN21]. Assume A; and A2 are both
non-zero. As in [CMN21], denote the initial exponent vector of a broken line n by I(n) and the exponent

vector of near the endpoint of by mg(n). Define 7 := Al/fh T. Then the algorithm of [CMN21], §5] produces

a balanced pair of broken lines (71, ~v(?)) where, for some p > 0,

o (7)) = pk;s;,

o mo(v™M) + mo(v?) = u(A1 + A2)v(7), and
o Y1(0) =73 (0) = p(A1 + A2)y(7).

Moreover, in this algorithm the bending points of the broken line segment « are positively proportional to
the bending points of the pair (v(),4(®)). (In the non-generic case in which () is a bending point, the
corresponding bend for the pair is by convention recorded in (?) in the algorithm.)

Next, we take this pair of broken lines (y(1),~y(?)), together with the pair of integers a = b = 1, as
input for the algorithm of [CMN21], §4]. The result is a broken line segment 7 : [0,T] — U"°P(Q) with
7¥(0) = I(vV) = pAysy and H(T) = I(v?) = pAss,, passing through 4 (A; + A2)7(7) at time 27 As before,
in this algorithm the bending points of the broken line segment 7 are positively proportional to the bending
points of the pair (y(),4()), and thus positively proportional to the bending points of the broken line
segment 7. Then the endpoints of each straight segment L of 7 are positively proportional to the endpoints
of the corresponding straight segment L of . As a result, each such L is in Q>0 - L C Q>0 - S.

Finally, we obtain the desired 7 by rescaling the support (and elapsed time) of 7 by ﬁ O

Remark 62. Heuristically, in the proof of Proposition we are translating between different tropical
representations of the statement:

V(A +22)y(r) 18 @ non-zero summand of the product 9, s, ¥px,s,-

In particular, if we consider the original input— the broken line segment v and time 7— the tropical point
~(7) is viewed as a weighted average along « of the tropical points v(0) = sy (with weight A1) and y(T) = s2
(with weight A\z). Meanwhile, for the broken line segment 7, the tropical point & (A1 + X2)7y(7) is interpreted
as the (unweighted) average along v of the tropical points pAis; and pAass.

Remark 63. Note that if we were to consider a broken line convex set S in Proposition [61] rather than just
a weakly convex set, then Q> - S would clearly be broken line convex. This follows immediately from the
equivalence of broken line convexity and positivity (JCMN21], Theorem 6.1]).

Definition 64. If S is weakly convex, we call Q>¢ - S the weak cone of S. For arbitrary S, we call
convpr,(Qxo - S) the cone of S and denote it by Cone(S).

Definition 65. Let S C U"P(Q) be a full-dimensional polytopal set containing 0 in the interior. The weak
face fan of S, denoted X[S], is the following collection of weak cones in U"°P(Q):

X[S]:={op=Qs0-F: F € Fs} U{0}.
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Proposition 66. Let S C U™P(Q) be a full-dimensional polytopal set containing 0 in the interior. Then
the weak face fan of S forms a pseudo-complex.

Proof. This follows almost immediately from Proposition [f7] We will simply illustrate that Item [I] of
Definition [56| holds for ¥[S]. The remaining items are recovered similarly. The weak cone {0} has empty
boundary, so there is nothing to do in this case. Now let F' € Fg. By Proposition [57] there is a subset Ap
of Fg such that

OF = U F.

F'eAp

Let Ay, :={op € 3[S] : F' € Ap} U{0}. Then

We illustrate the weak face fan of the bigon from Figure [3]in Figure [5] below.

1+ 20D

(_17 1)

~

1+ z(=1.0)
(17 _1)

142010

~ ~

Figure 5: On the left, the bigon S of Figure On the right, the weak face fan X[S].
Note that for F' either facet, op is only weakly convex, not broken line convex. In fact,
convgy, (oF) = (AY)"P(Q) for both facets.

In order to generalize the convex geometry duality of [Bor93] in §6| it will be convenient to have a notion
of support functions on weak face fans.

Definition 67. Let X[S] be the weak face fan of a full-dimensional polytopal set S C U"°P(Q) containing
0 in the interior. A function ¢ : U"°P(Q) — Q is a support function for X[S] if for each weak cone o € X[S]
there is some y, € (UY)"°P(Q) such that ¢| = (- ,y,). A support function ¢ is integral if each y, may be
taken to lie in (UY)™°P(Z).

5.3 Duality for polyhedral sets and faces
Definition 68. Let S C U%°P(Q). We define the polar of S to be

5°:={y e (U)"P(Q): (s,y) > —1forallse S}.
More generally, for r € Q>(, we define the r-dual of S to be

SVri={y e (UY)"P(Q): (s,y) > —r forall s € S} .

(In particular, if r = 1, S¥» = §°.) In the special case r = 0, we simply write SV for SV°. We define the
polar and r-dual of subsets of (UY)"°P(Q) analogously.
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Proposition 69. Let S C U™P(Q) and r € Q>¢. Then

Vi

SYr = convgy, (S U {0})

Proof. First note that S C convgy, (S U {0}), so the containment convgy, (S U {O})vr C SVr is immediate.
Next, let y € S¥r. That is, (z,y) > —r for all z € S. Also, (0,y) =0 > —r. Then {0} US C K(y,r).
Since K(y,r) is closed and broken line convex, this implies convgy, (S U{0}) C K(y,7). In other words,

y € convpy, (SU{0]) ", and 8V = convpr, (SU{0]) O

Proposition 70. Let S C U™°P(Q). Then forr > 0,

(SV™)Vr = convpy, (S U {0}).

Proof. This is proved just like the classical version for polytopes in Q™. We follow the proof given in [Brg83|
Theorem 6.2].

By Lemma [48 a tropical half-space is broken line convex. The r-dual of a set is by definition an
intersection of closed tropical half-spaces, and the intersection of closed, broken line convex sets is closed
and broken line convex. So, (S¥)V" is closed and broken line convex. Moreover, if z € S then (z,y) > —r
for all y in SV by definition of SVr. So S C (SVr)¥r, and obviously {0} C (SV~)V" as well. That is, (SVr)¥r
is a closed, broken line convex set containing S U {0}, and (SV)Y" D convpy, (S U {0}).

Next observe that

ye SV — (x,y) > —rforallz e S < S C K(y,r).
So,
(SV']‘)\/T — ﬂ K(y71") = ﬂ K(y,r)

yesyr K(y,r)D8

Now take a point z ¢ convgy, (S U {0}). There exists a supporting tropical half-space K (y, ') of convgy, (S U {0})
with z ¢ K(y,r’). So,

min {(az, y) : © € convpy, (S'U {0})} =—r" > (z,y).

Then there exists ¢t € Q¢ such that

min{(x,y) :x € convpy, (S U {0})} > —t>(z,y).

Set u:= fy. Then

min {(x,u) :x € convpy, (SU {O})} > —r>(z,u).

So K(u,r) D S, which implies (SV*)V» C K(u,r). But z ¢ K(u,7), so z ¢ (SVr)V. That is, z ¢
convgy, (S U {0}) implies z ¢ (SVr)Vr. We conclude that

(SVr)Vr = convpy, (SU{0}).

Lemma 71. Let x € U™P(Q) be non-zero, and let r € Q>¢. Then K(z,0)V" = Qx¢ - .

Proof. First, y € K(x,0) if and only if (z,y) > 0. For any A > 0, we have (Az,y) = A (z,y), and Q>¢ -z C
K(z,0)Y C K(z,0)"".

On the other hand, if z € K(z,0)"", then (z,y) > —r for all y € K(z,0). Suppose for some such y we
have 0 > (z,y) > —r. Then for sufficiently large A > 0, we will have (z, A\y) < —r. But Ay € K(z,0), so this
contradicts the assumption that z € K(z,0)¥r. We find that in fact K(z,0)V = K(x,0)V. If 2z is not a non-
negative multiple of z, it will pair negatively with some y € H(x,0), so K(z,0)"" = K(z,0)Y =Q>¢-2z. O
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Proposition 72. Let S C U™P(Q) and r € Qso. Then SV= C K(z,0) if and only if Q¢ -z C
convpr, ({0} US).

Proof. First observe that (K(z,0)V")V" = K(x,0). This follows from Lemma Next, Proposition

states that SVr = convpy, ({0} US)W. So, we have SVr C K(z,0) if and only if convgy, ({0} U S)vr C
(K (x,0)V")Vr which holds if and only if K (x,0)"" C convgr, ({0} U S). But Lemmastates that K (z,0)Vr =
Q>0 - = O]

Proposition 73. Let S C U"P(Q) be a cone. Then SV is also a cone. Specifically, if S = Cone(T) then
SVr =SV = Cone(TV).

Proof. By definition, Cone(T") = convgy,(Q>o - T'). So,

SVr =conver (Qs0-T)"" = (| K(zr)= (] (KXt = lim [ K\t,7).

A—00
wEQZ(yT )\GQEO teT teT

The last equality follows from the fact that if A\ < Ao, then K (\1t,7) C K(Asot,r) for all t € T. Later,

lim () K (M, r) = () K (£,0) =T" = Qs - T" = convpy, (Qxo - T") = Cone (T").

AT e teT
O
Proposition 74. Let S and T be subsets of U™°P(Q). Then
(SVrnTVr)y=(SuUT)'".
Proof. Let y € (UY)™P(Q). Then
ye (SVrNTVr) <= (z,y) > —r forallz e (SUT) <= ye (SUT)"".
O

Proposition 75. Let S and T be subsets of U™°P(Q) both containing 0. Then

(S+oT)" C(SV"NTV") C (S+yT)"*" .
Proof. Since both S and T contain 0, we have that S C S+yT and T C S+yT. This implies that
SVr 5 (849 T)"" and TV > (S +9T)"", showing the first containment.

Next, let y € SY» NTVr. For an element € S +y T, there exist s € S and t € T such that z € s+yt.
Then

(z,y) = (s,y) + (t,y) = —2r.
So, y e (S+oT)">". O
We obtain the following statement as a corollary:

Corollary 76. Let S and T be subsets of U™P(Q) both containing 0. Then
(SVNTV)=(S+4T)".
Proposition 77. Let S and T be closed cones in U™°P(Q). Then

(SNT)"" = 8Y" 4, T
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Proof. Since SNT C S and SNT C T we have that (SN T)v" D SV UTVr. Consequently,
convpr, (SNT)'" D convpy, (SV"UTV").
Then
(SNT)"" = convgy, (SNT)"" D convpy, (SV* UTV") = SVr 45TV,

Here, we use Proposition [6Y| together with the fact that S and T are closed cones for the first equality. For
the second, Proposition [73] implies SV = SV and TV* = TV are closed cones as well, at which point we
apply Proposition

Conversely, since S¥r C SVr UTVr, we have (SV~)"" D (SYr UTY")"". Then Proposition implies the
containment

S = convgy, (SU{0}) D (SV" uTVr)Yr

Using an analogous argument we have that T2 (S¥Vr UTVr) 2 (SV-UTYr)'", and in turn
3 and | we have that

(SNT)'" C ((SVruTvr)” ) . Using once again Pr0p051t10ns

\'23
(SNT)" C ((sVr U TVT)VT) — convgr, (SV- UTV- U{0})

= convpy, (SY"UTY")
=SVr +9 TV,

This concludes the proof. O

Proposition 78. Let S and T be closed broken line convex sets both containing 0. Then
convpy, (SCUT®) = (SNT)°.

Proof. Observe that by Proposition [70] we have that

convpy, (S°UT®) = (§°UT®)°° = (§°° NT°%)° = (coanL (SU{0}) N conver, (T U {o}))° =(SNT)°.
O

Definition 79. A broken line convex set S C U'°P(Q) is strongly broken line convex if no doubly infinite
broken line has support contained in S.

Definition 80. Let S C U"P(Q), let x be a non-zero element of U™P(Q), and fix a seed s. We say that

S contains the asymptotic direction x if there exists a sequence sg, $1, So, ... of elements of S such that
. _ ts(sn)
nli)ngo||ts(sn)|| =00 a’nd ’th~>ngo Hts Sn)H - tS('CL')'

Proposition 81. S contains the asymptotic direction x if and only if SVr C K(x,0).

Proof. We first show that if convpy, ({0} U.S) contains the asymptotic direction z, then so does S. If we are
given a sequence 3, 51, 53, . . . in convgy, ({0} U S), we can obtain a sequence sg, $1, S2, . .. in convgy, ({0} U S)
with only small perturbations of each term. That is, for any ¢ > 0, we can ensure that each s, satisfies
[lts(sn) — vs(Sn)|| < €. Clearly, if

ILm lts(En)|| =00 and  lim ——— = t5(z),
then

nl;n;o||ts(sn)|| =oo0 and lim
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as well. Taking a subsequence if necessary, we may assume each s, is non-zero. Now we use Proposition
to conclude that

convgr, ({0} U S) = U as.

a€l0,1]
Take each s, to be in a,S. Since we have assumed s,, to be non-zero, a,, € (0,1]. Now let s/, = —sn Then
we also have
. / _ : tS(S;v,) _
nlggo||ts(5n)” =00 a’nd ’nlgTolo Hts(S{n)H - ts(x)7

so S contains the asymptotic direction x if convpy, ({0} U .S) does.

By Proposition SVr C K(x,0) if and only if Q¢ -2 C convgy, ({0} US). But Qx¢ -z clearly contains
the asymptotic direction z. So if S¥» C K(z,0), then S contains the asymptotic direction z.

Similarly, if S contains the asymptotic direction x, then so does convpy, ({0} U S). Then convgy, ({0} U S)
is a closed, broken line convex set containing both 0 and a sequence of points approaching the ray Q¢ - =
at infinity. It must contain Q>¢ - z. Applying Proposition {72| again, we see that SV~ C K(z,0). O

Proposition 82. Let S C U'°P(Q) be broken line convex. Then S¥r C (UY)"°P(Q) is full-dimensional if
and only if S is strongly broken line convex.

Proof. Suppose S is not strongly broken line convex. Then there exists a doubly infinite broken line  :
Q — U™P(Q) with support contained in S. We will choose a particular seed s to identify U"P(Q) and
(UV)op(Q) with dual Q-vector spaces V and V* via the maps ts and tY as in Notation 10| u Specifically,
we choose s such that the support of v intersects the CDU chamber associated to s at a non-bending point
ts(xo) of ts(supp(7)). Reparametrizing v if necessary, we can take xg = v(0). Now define

_ QSO -V
trvs(v(1))

and

Nt : Q<o =V
t = ts(y(=1)).

Since t5(zg) is a non-bending point, for sufficiently small € > 0, we have
N-(—€) = —ny(—e). (24)

Write vy 1= limy, oo 74 (£).

As ny has only finitely many bends, there exists some R > 0 such that for all ¢ € Q<g, n4(¢) is contained
in B(R,tvy), the ball of radius R centered at tvy. That is, for all t € Q<¢, we can write 14 (t) = tvy + b for
some b € B(R,0). Now suppose (ts(—v+),y) < 0 for some y € (UY)"°P(Q). Then

lim (ts(tvy),y) = —oo. (25)

t——o0

The tropically linear function (- ,y) : U"P(Q) — Q defines a piecewise linear function on V' by
(vs1)" (- ,y), and this piecewise linear function has the form

()" (- ) =min{e( - )}

LeL

for some finite set L of linear functions on V. Then

(e (12(0)) ) = i {0 (1))} = i {£(t0s) + ((B)}
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for some b € B(R,0). However, £|5 g is bounded for all £ € L, while lim;_, o minger, £(tvy) = —oo by

. So, limy_, o <t§1 (n+(t)) ,y> = —oo as well, and y ¢ supp(y)Y". In other words, if y € supp(y)Vr,
then (v;'(vs),y) > 0.
Next,
<t;1(vi),y> = ﬂzfolp(vi)(y) = (t;/ (y)) (ﬁvi,ts(xo))

=min {m(t)(y)) : 2™ is a non-zero summand of U, r_ ()}

< (=nx(—e€)) (tJ(y)) for small € > 0.

S

That is, if y € supp(7)"~, then 0 < (v;'(v+),y) < (—9+(—€)) (¢ (y)) for small € > 0. Then implies
tY (y) € n+(—€)t, and supp(y)"" is not full-dimensional. But supp(y) C S, so SV C supp(y)¥r, and SV~ is
also not full-dimensional.

Now suppose S+ is not full-dimensional. Say d := dim(SV~). Choose a seed s such that the chamber oy
of DY associated to the seed s intersects tY (SV") in a d-dimensional subset. Note that tY (SV") is contained

in some hyperplane through the origin, say m* for some integral m. Let z, and x_ to be the points of
U'r°P(Z) with

(tsvfl>* (T, *)

= dm( ). (26)

Os

Then clearly
SYrn (vY) Hos) C (H(xy,0) N H(z_,0)).
Moreover, since SV is broken line convex, Lemma [59] implies that in fact
SYr C (H(z4,0)N H(z_,0)). (27)

Note that implies there is a pair of broken lines _, 4 in V' with initial exponent vectors ts(z_), ts(z4)
and final exponent vectors —m, +m sharing the same basepoint. This pair of broken lines indicates that
the product ¥,_v,, has non-zero constant (y) term. Explicitly, we can dilate the supports of the pair of
broken lines to bring the basepoint arbitrarily close to the origin. Then this pair of broken lines precisely
describes a contribution to the product 9,_1,, as described in [GHKKIS8| Definition-Lemma 6.2]. However,
by [GHKKIS, Proposition 6.4.(3)], we can compute the structure constant a2+’m_ of this multiplication
using any basepoint near the origin. In particular, we may choose a basepoint ts(xp) such that Azp is in
the relative interior of S for some A > 0. Then we obtain a pair of broken lines in V' with basepoint ts(z}),
initial exponent vectors vs(x_) and ts(zy), and final exponent vectors summing to 0. Dilating the supports
of these broken lines by A, we obtain a such a pair with basepoint in the relative interior of S. We may
reverse the direction of one of the broken lines to obtain a doubly infinite broken line 7 passing through the
previous basepoint and having

im 5(1) = —vs(z4). (28)

Next, and Proposition together imply S contains the asymptotic directions x; and x_. Now
suppose supp(vy) ¢ ts(5). Then at some point v must leave t5(S). As v passes through the relative interior
of t5(5), Lemma [59| prevents ~ from simply entering and remaining in the boundary of the closure of t5(.5)
in the event that ts(.S) is not closed. Then points of v must eventually be a positive distance from t5(.5).
However, since S contains the asymptotic directions x4, implies this positive distance is bounded. Then
as argued in Lemma we may take a small perturbation +' of a segment of ~, this time adding a small
contribution to the velocity at Axy so that the first bend for ~ after leaving t5(.5) is slightly closer to t5(.S)
the corresponding bend of «. Keeping all wall contributions the same (up to a multiplicative constant to
maintain integrality of exponent vectors) as in Lemma we obtain a broken line segment which must
eventually re-enter t5(.S) as the direction after the last bend will have a small contribution directed toward
ts(S), much like the situation illustrated in Figure [4] This contradicts the assumption that S is broken line
convex. As a result, we conclude that t3*(supp(y)) is contained in S and so S is not strongly broken line
convex. O

29



We have treated r-duals thus far so that we can apply our results equally well in the two main cases of
interest: » = 0 and r = 1. For the remainder of this subsection, we will focus on questions that are primarily
interesting for polar duality. With this in mind, we will return to the simpler ° notation and comment that
our arguments may easily be adapted to treat the more general r > 0 case.

Proposition 83. Let S C U%°P(Q) be broken line convex. Then S° C (UY)'™°P(Q) is bounded if and only
if S is full-dimensional and contains the origin in its interior.

Proof. Suppose S is full-dimensional and contains the origin in its interior. Choose a seed s to identify
Ut°P(Q) and (UY)"°P(Q) with dual Q-vector spaces V and V* via ts and tY as in Notation [L0} Then t5(S)
contains the ball B(R,0) for some sufficiently small R > 0. For any x € U"°P(Q), we have

(7)o, ) =min{e(- )}

leL

for some finite set of linear maps L containing ts(x). Then
v (K(x,1)) C K(rs(), 1),

where K (t4(2), 1) i= {v € V* : (ts(a)) (v) = —1}.
Now note that the polar of B(R,0) C V is B (+,0) C V*. Then we have

vy (S°) =Y (ﬂ K (s, 1)) ctY (1 K(s1)| C B(R,0)° =B (11{,0) ,

s€S ts(s)€B(R,0)

and S° is bounded.

Next, if S is not full-dimensional, S° is not strongly convex by Proposition and a fortiori not
bounded. If S does not contain the origin in the interior, then it is contained in K(y,0) for some non-
zero y € (UY)"°P(Q). So Q>¢ -y € S° and S° is not bounded. O

We have the following immediate corollary:
Corollary 84. If S is a bounded, full-dimensional set containing the origin in its interior, then so is S°.

Definition 85. Let S C U™P(Q). We say S is integral if S = convpy, (A) for some finite subset A of
U%°P(7Z). We define integral subsets of (UY)"°P(Q) analogously, and we say S is reflexive if 0 € S and both
S and S° are integral.

Remark 86.

Definition 87. Let S C U%°P(Q) be a full-dimensional polytopal subset and containing 0 in the interior.
We define the dual of a face F of S to be

F:={yeS°: (z,y)=—1forallz e F}.

Note that for the empty face @, we have & = S°.

Proposition 88. Let S C U™P(Q) be a full-dimensional polytopal subset and containing 0 in the interior,
and let F' be a proper face of S. Then F is a proper face of S°. Precisely, if x is in the relative interior

of F, then F = $°nN H(z,1). Moreover, if F' C F then F C F' and F = F. This gives a bijective,
containment-reversing correspondence between proper faces of S and S°.

Proof. For any x € F, define F, := 5° N H(x,1). Observe that

F=()F.,

zEF
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and F' C F, for all z € F. Now suppose z is in the relative interior of F'. Then by Definition [56| Item |3[ and
Proposition a supporting tropical hyperplane H(y,r) for S which contains x must in fact contain F. So
ify e F,, then FF C H(y,1), and y € F. That is, F =F, for any x in the relative interior of F'.

Next, we claim that every proper face of S° is the dual of a face of S. By definition, every face of S°
is of the form S° N H(z,r) for some z € U"°P(Q), and using Remark 47| we can choose = such that r = 1.
But such an z is necessarily in the boundary of S since (S°)° = S. Every boundary point is contained in
some face, and moreover by Proposition [57] contained in the relative interior of a face. Then the previous
argument implies that every proper face of S° is the dual of a face of S. L

It follows immediately from the definition of the dual of a face that F' C F implies F C F’. If moreover
F’ C F, then there is some y' € (UV)"OP(Q) and 1’ € Q5o with F' = SN H(y',r") and F C S C K(y',r').
As argued above, we may take r’ = 1 and 4/ € S°. Then y/ € F \ F.so F - F.

Finally, S and S° play completely interchangeable roles hvere So, every proper face of S is the dual of a

proper face of S° as well. We have automatically that F' C F. Suppose F' C F. Since proper containments
are reversed by duality of faces, we must also have F - F. But this violates the automatic containment

F C F. We conclude that F = F.
O

See Figure [0] for an example of this duality for face pseudo-complexes.

U1 F/

F/. , . z

Figure 6: On the left, the bigon S of Figure [3| together with its face pseudo-complex. On
the right, the dual face pseudo-complex of S°, which is also a bigon.

It will come in handy in §6 to study duality for sets cut out by functions on U°P(Q).
Proposition 89. Consider a set T C (UV)"°P(Q), and define

©: Utrop(@) N @

o = min {(z, 1)}

Then
Een = {y € (UV)"P(Q) : (2,) > p(2) for all x € UTP(Q)}° = T°.

Proof. For the first equality, we compute:

Epn1’ i ={y € (UY)"P(Q) : (z,y) > —1forallz € E,;}
={y € (UY)"P(Q) : (z,y) > —1forall z € 02,1}
_ {y € (UY)"P(Q) : (z,y) > ¢(z) for all x € 8H%1} (29)
={y € (UY)"P(Q) : (Az,y) > p(A\z) for all 2 € 9=, 1, A € Q>0 }
={y € (UV)"P(Q) : (z,y) > p(x) for all z € U"P(Q)} .
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But =, 1 is a closed broken line convex set containing 0, so Proposition |70 implies the first equality.
For the second equality, suppose that € T°. Then (z,y) > —1 for all y € T and thus

= 1 / > _1.
p(w) = min {(z,y7} >
So, x € .1 and this implies that 7° C Z, ;. Conversely, suppose y € T.. Then for all z € U"°P(Q),
(,y) > min {(z,y)} = p(z).
y' €T

So, y € E,,1° by Equation (29). We have then T' C =, ;° and consequently 7° 2 =, ;. O

Proposition 90. Let S C U™P(Q) be a full-dimensional polytopal set containing O in the interior, and let
@ : U™P(Q) — Q be a support function for X[S]| which is convex with respect to broken lines. Then Z,1 C
U°P(Q) is a full-dimensional polyhedral set containing 0 in the interior. Meanwhile, Z,,° C (UY)"°P(Q)
is bounded and given by

Ew,lo = CONnvey, {0} U U {ya} ,
oeX[S]

where y, satisfies o|, =+, Yos).
Proof. Since ¢ is a support function for X[S], for all o € X[S] we have ¢|, = ( - ,y,) for some tropical point
Yo € (UY)¥"P(Q), and

EoiNo={zeco: (z,y,) > -1} = K(y,,1) No.

Next, Z,,1 is broken line convex by Proposition A1} and given by

This shows that 2,1 is polyhedral. As the indexing set of the intersection is finite and each K(y,,1) is a
full-dimensional set containing 0 in the interior, so is E, 1. By Proposition E,,1° is bounded. Moreover,
K(ys,1) = {y,}°, so using Proposition [74] and Proposition [70| we see that

o

E¢,1: m {ya}o: U {ya}

oes[s] oes[s]

and

o o

E%lo: U {yg} = CONVBRBI, {O}U U {ya}

oex[s] oes[s]

5.4 Half-space and vertex representations

Proposition 91. Let A C U%°P(Q) be a finite collection of points and let S = convpy,(A). Then necessarily
V(S) C A and S = convpr(V(9)).

Proof. Let v € A, but v ¢ convpy, (A4 \ {v}) =: S,. Then there is some supporting tropical half-space K (y,r)
for S, with = ¢ K(y,r). For all ¥ > r, we have that S, is contained in the interior of K (y,r’). Moreover,
for some such 7/, we have that v € H(y,’).
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Now let s € S. By Proposition
ENS Zﬁ Ay

for some collection of non-negative a, which sum to 1. Next, Proposition [35| implies

(5,9) > > az (z,9)

z€A
> —a,r’ — Z QT
zeA\{v}
2 _Tlv

with equality if and only if a, = 1, az£, = 0. That is, if s € S is in H(y,r’), then s = v. Thus v is a vertex
of S. -

Proposition 92. Every polytopal set S C U'°P(Q) is the broken line convex hull of a finite set.

Proof. This follows directly from the usual convex geometry statement by choosing a seed— the only subtlety
being that the finite set of points obtained in this way will generally not be minimal.

Let d = dim(U). Then a choice of seed identifies U**°P(Q) with Q¢, and S with a polytope Ps in Q9.
Specifically, each tropical half-space defining S is identified with an intersection of a finite number of half-
spaces in Q?. Thus Pg is the intersection of finitely many half-spaces in Q%; it is a rational polyhedron, and
in fact a polytope as it is bounded. Then Ps is the (usual) convex hull of a finite collection of points in Q¢,
namely the vertices of Pg in the usual convex geometry sense. Denote by A the collection of tropical points
associated to this set of vertices of Pg. The equality S = convpy, (A) is clear. O

We can combine Propositions [91] and [92] to obtain
Corollary 93. If S C U™P(Q) is polytopal, then V(S) is finite and S = convgy(V(9)).

So, we have defined polytopal sets using a broken line convex geometry version of the “half-space repre-
sentation”. Corollary [93]indicates that a polytopal set always has a broken line convex geometry version of
the “vertex representation” as well. We may also perform this translation in the opposite direction:

Proposition 94. Let A C U™P(Q) be a finite set such that S := convpy,(A) is full-dimensional and contains
the origin. Then S is polytopal.

Proof. First note that S° is given by
= (1 K1)
veV(S)

By Proposition [91] V(S) is a finite set contained in A, and so S° is polyhedral. Using Corollary ﬂ, we see
that S° is in fact polytopal. But then Corollary [93]implies V/(5°) is finite and S° = convpr,(V(5°)). So, we
have

(s = () K1),

yeV(S°)

But since S is a broken line convex set containing the origin, we have (5°)° = S by Proposition O

6 Broken line convex geometry of Batyrev-Borisov duality

Definition 95. Let S C U'P(Q) be reflexive, let V(S) be the vertices of S, and consider a decomposition
of V(5) as a disjoint union V(S) = U;c;V;(S). Write

E = n ﬂ K(v,dij).

JETveV;(S)
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We call the decomposition of V' (S) a Batyrev-Borisov partition if for each i € I, the function ¢; : U™°P(Q) —
Q defined by

@i = gggﬂ Y}

is an integral support function for X[S] with

-1 forweVi(S)
pi(v) = {0 for v € V/(S) \ Vi(S).

In the toric case, what we call a Batyrev-Borisov partition is referred to as a nef-partition. (See [Bor93,
Definition 2.5].) This is because the partition of V(S) defines a decomposition of —Kx_, as a sum of
nef Cartier divisors —Kx , = > ,c; D;. See [Bor93| for details. We do not use this terminology here
(or similar terminology rooted in algebraic geometry) since we do not yet know what analogous algebro-
geometric statement holds in the cluster setting. That said, a careful comparison of Definition and
[Bor93, Definition 2.5] will reveal a few subtle differences. First, Borisov does not make reference to the set
we call T; in his definition. Instead, if we rephrase his definition of nef-partition using the conventions of
this paper, he asks for the existence of a collection of convex integral support functions {¢; : ¢ € I'} for X[S]
with

-1 forv e Vi(9)
pi(v) = {0 for v € V/(S) \ Vi(S5).

In the toric setting, this ¢; is precisely the support function of the i*" summand of the decomposition
—Kx, = Ziel D;, and ¢; is convex if and only if D; is nef. Borisov later uses ¢; to define the set Tj,
interpreted as the polytope of the nef summand D; of —Kx_,. (See [Bor93, Definition 2.9].) In the broken
line convex geometry setting however, the values of ¢; at vertices of S may not fully determine ¢; and we
are forced to be a bit more explicit when defining this function. For instance, if we take the trivial partition
V(S) = V1(S) for S the bigon on the left in Figurelﬁl7 both F" and F pair to —1 with both v; and v,. Either
defines an integral support function for X[S] which is convex with respect to broken lines. However, the ¢ we
wish to consider is given by pairing with /" on and pairing with F'ono . Of the three possibilities, only
this ¢ of these can be used to recover T = S° as in [Bor93, Definition 2.9]. Finally, there is a sign difference
between our ¢; and that appearing in [Bor93, Definition 2.5]. This is due to opposite inequality conventions
for convex functions. The convention we have chosen matches that of [CLSI1] and [GHKK1S]. The change
is more substantive here than in the toric case as negation isn’t a meaningful operation on U"°P(Q).

While our definition of T; looks somewhat different from [Bor93l Definition 2.9], it is easy to recover
Borisov’s description:

Proposition 96. The set T; is precisely

T = {y € (UY)™P(Q) : (x,y) > @i(x) for all v € U“OP(Q)}.
Proof. First suppose y € T;. Then for all z € U™P(Q),
(@) 2 min {(z,4')} = gi(2).
(ljext, suppose y ¢ T;. Then for some v € V(5), say with v in the set V;(S), we have (v,y) < —§;;. But
wi(v) = —=d;;. O

In fact, considering the above description of T; as its definition (as in [Bor93| Definition 2.9]), Borisov
obtained as a corollary that the function ; is precisely minyer, {( + ,4)}. (See [Bor93, Corollary 2.12].) The
equality ¢; = minyer, {( + ,y)} fails if ¢; is not convex, i.e. if D; is not nef. So, in the end our description
aligns quite closely with Borisov’s. We simply avoid the problem that the most naive generalization of his
definition of ¢; to the broken line convex geometry setting may not be uniquely defined.
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For the remainder of the section we fix a reflexive subset S C U™°P(Q) and a Batyrev-Borisov partition
V(S) = UierVi(S) as in Definition We will now use the following notation:

S; = convpy, ({0} UV;(9)). (30)
Note that
S = convpr,(S; : i € I). (31)
We additionally define
T := convpr(T; : i € 1), (32)
S'i= 2y S ()

and

TI = Zﬁ TZ (34)

iel
Lemma 97. T is integral.

Proof. For every i € I, by Proposition [96| and Equation we have that
T, = {y e (UV)*P(Q) : (x,y) > @;i(x) for all z € Um’p((@)} =Ep1"
Since ¢; is an integral support function on X[S] by Proposition (90| we have that
Zpin® = convpr, [{0}U | {viol} |
oceX[9]

where y; , satisfies @;|, = ( +,¥i,0). So, T; is integral and generated by a finite number of points because it
is bounded. Finally, we have that

T = convgy, ({0} U{y;» : i €I and 0 € [S]}).

Proposition 98. The sets S; and T; satisfy
min{(z,y) : ¢ € S;, y € T;} = —0y;.
Note that this recovers [Bor93, Corollary 2.12] in the toric setting.

Proof. If © € S;, Proposition implies that for some collection of non-negative a, summing to 1, with
v € {0} UV;(S), we have

x € 219 Ay .
Then Proposition [35| implies that for all y € (UY)™°P(Q),

(@,y) > ay(v,y).
In particular, if

yeTi={) [\ K@d)

i€l veV;(S)
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then

(z,y) > Z —ay0i; = —0ij.

Finally, if v € V;(S) C S;, then

min {{v, )} = ;(v) = 0.

O

The next lemma follows almost immediately from definitions, but it will be useful as we discuss Batyrev-
Borisov partitions from the perspective of dual face pseudo-complexes.

Lemma 99. For each F' € Fg, we have
Pilop = ¥ip)

for some integral

Yi,F € ﬂ ﬂ H(v,d;;).

JEIveV;(S)NF
Moreover, y; p € S°.

Proof. Only the fact that y; 7 € S° needs proof. This follows from the following two simple observations.
First, for all z € U"P(Q), (z,y;.r) > pi(x). Next, if x € S, p;(z) > —1. O

Lemma 100. Let F' be a face of S. Then F; ;= FN.S; is a face of S as well.

Proof. If F; = F or F; = @, there is nothing to do. So assume @ # F; C F. Now consider the face F', and
let y; p be as in Lemma Since F; # &, some v € OF must be in V;(S). Then (v, y; r) = ¢;(v) = —1, and
yi,p € 05°. Tt follows that H(y; , 1) is a supporting tropical hyperplane for S. Write F’ := H(y; p,1) N S,
and note that F; = F N F".

Since F; # F, there is some v’ € V(S) N F which is not in V;(S). Then (v',y; p) > —1, and v' ¢ F'.
That is, F N F’ C F. By Proposition FNF' COF, and this intersection decomposes as a union of faces
— for some B C Fg,

FF=FNF = U F.
F/leB

However, by Proposition [54] F'NS; is weakly convex. Then Lemma [59] implies it is in fact a single face. [

Proposition 101. V(S) = U;e;V;i(S) is a Batyrev-Borisov partition if and only if for each i € I and each
F e Fg, there is a G € Fr, such that

1. (x,y) > (z,yg) for allz € F, y € T;, and yg € G,
2. (v,ya) = —0;; for allve FNV;(S) and yo € G,
3. and GN (UY)™P(Z) + 2.

Proof. First suppose we are given a Batyrev-Borisov partition. Then for each F' € Fg, we have Lpi\aF =
(+,y;r) for some integral y; p. Since by definition ¢; := minyer, {( + ,¥)}, ¥;,r must lie in a face G of T;.
Otherwise, for some z € F and a € Qx¢, we would have y; p € H(z,a), but T; ¢ K(z,a), contradicting
the assumption that (z,y; p) = minger, {(z,y)}. Item [3|is satisfied for this face G since y; p is integral.
Next, it’s clear that if we fix z, (z,y) > (z,yg) = —a for all y € T; and yg € G. Furthermore, if the
inequality holds as we vary over x € F as well (i.e., if item [1| holds), then the we would immediately have
(viya) = (v,yi,r) = @i(v) = =6 for all v € FNV;(S) and yg € G. That is, item [I] implies item
However, so far we just know that for each fixed x € I there is such a face G containing y; r. We take the
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intersection of these faces. By Proposition [57} this decomposes as a union of faces, and there is a face in this
decomposition which contains y; r, establishing the first direction of the claim.

Now suppose for each i € I and each F' € Fg, there is a G € Fr, satisfying items [T} 2} and ] Define ¢;
by

Pile, = (5 va)

for y and integral point in G. This ¢; is automatically an integral support function for X[S]. Moreover, if
Ar € o, we have

<)\.’E,y> =A <.’I,‘,y> Z A <$7yG> = <)\$,yg>
for all y € T;. That is, ¢; = minger, {( - ,y)}. Finally, item [2[ immediately implies ¢;(v) = —0d;;(v) for
v € V;(S). V(S) = U;erVi(S) is a Batyrev-Borisov partition. O

Corollary 102. The function ¢ : U"P(Q) — Q defined by

@ :=min {(-,y)}

yeT’

satisfies o = 3,1 @i

Proof. Recall Lemma [99, Let x € op. By Theorem @ there is some summand ¥, of Hle 1 Uy, » such that
(x,yr) = > ic; (x,yi,r). Using Proposition [101} we see that each y; r may be taken in T;, in which case
yr €T'. As

vi() —;Iél%l (z,y) = (z,yi,F),

we must have

o(z) := min (z,y) = (x,yp) = Z Z, Y F) Zcpz

eT’
Y el el

Lemma 103. Define R; := S; U Ujﬂ Cone(S;). Then T; = R;°.

Proof. First suppose y € T;. Then for x € S;, we have (z,y) > ¢;(x) > —1. Meanwhile, for € Cone(S;;),
we have (z,y) > p;(x) =0 > —1. So, for x € R;, we find (z,y) > —1, and y € R;°.
Now suppose y € R;°.

R;° = [ S; U Cone(S,)
J#
=5°Nn ﬂ Cone(S;)°
J#i
So, (z,y) > —1 for all x € S;. In particular, (v,y) > —1 for all v € V;(5). That is, y € K(v,1) for all
v € V;(S). Similarly, (z, > —1 for all z € Cone(S;), j # i. If x € Cone(S;), then Az € Cone(S;) for all
X € Q0. So, (A\z,y) = A(z,y) > —1 for all A\ € Q>¢, = € Cone(S;). Taking A to co, we conclude that

(z,y) > 0 for all x € Cone(S;). In particular, (v,y) > 0 for v € V;(S). That is, y € K(v,0) for all v € V;(5),
j # 4. In other words,

Yy < ﬂ m U 5” Ti-

JEIlveV;(S)

Corollary 104. T; N T; = {0} fori # j.
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Proof. We have

T,NT; = R,° N R;°
= (Rl U Rj)o

= (U Cone(Sk)>
k

= (CODVBL <U Cone(Sk)>>
k

_ (Utrop (Q)) °
= {0}.

Lemma 105. SCE, ;.

Proof. Let v € V(S) a vertex of S. Then, there exists an i € I such that v € V;(5) and by Corollary [102] we

have that
pv) = piv)=> —&; =—1.

Jjel jel

So, v € E,,1. Since S = convgy, (V(5)) and Z,, 1 is a broken line convex set containing V' (S), we find S C =, 1
as claimed. O

Example 106. Consider the singleton partition of V' (.5), for S the bigon Figure This is a Batyrev-Borisov
partition.

U1

F/
V2

Figure 7: For the bigon S of Figure label the vertices v; and vy as shown on the left and
set V;(S) = {v;}. The support functions o1 and @ are given by w1 = (-,(~1. 1)),
e1l,, = (-, (1,0)), @of, = (-,(-2. 1)), and o3|, ~=(-,(1.1)) as illustrated in the
middle and on the right. The sets S1, Ss, 11, and 75 are shown in Figure (8| -
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T = convpy, (11 U T:
S:COI]VBL (SlUSQ) BL( ! ) 2)

S
Sy
S =51 +9 5
S
S,

Figure 8: The sets {51, 52} and {T,T>} are associated to dual Batyrev-Borisov partitions.
We have S° =T and S’ = T°.

&BTim: [More coming soon...]
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